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Abstract. In this article, we show that a chaotic behavior can be found on a cube with arbitrary finite dimension.
That is, the cube is a quasi-minimal set with Poincare` chaos. Moreover, the dynamics is shown to be Devaney and
Li-Yorke chaotic. It can be characterized as a domain-structured chaos for an associated map. Previously, this was
known only for unit section and for Devaney and Li-Yorke chaos.
Chaos has become a very important concept that is deeply integrated into many, if not most, fields of science such
as physics, biology, medicine, engineering, culture, and human activities [1,2]. The chaotic behavior of some physical
and biological properties was formerly attributed to random or stochastic processes or uncontrolled forces [3, 4].
Appearance of chaos in deterministic systems drew the borderline between (deterministic) chaos and stochastic noise.
The idea is manifested in the chaotic behavior of simple dynamical systems. However, the randomness theory of
KolmogorovMartin-Lfwhich still can provide a deeper understanding of the origins of deterministic chaos [1]. The
fundamental theoretical framework of chaos was developed in last quarter of the twentieth century. During that
period, different types and definitions of chaos where formulated. In general, chaos can be defined as aperiodic long-
term behavior in a deterministic system that exhibits sensitive dependence on initial conditions [5]. Devaney [6]
and Li-Yorke [7] chaos are the most frequently used types, which are characterized by transitivity, sensitivity,
frequent separation and proximality. Another common type occurs through period-doubling cascade which is a sort
of route to chaos through local bifurcations [8–10]. In the papers [11, 12], Poincar chaos was introduced through
the unpredictable point concepts. Further, it was developed to unpredictable functions and sequences.
Whoever searches in this field can discern from the literature that there is a scientific conception that chaos is
everywhere. Realizing such an ideation needs to developed our mathematical tools to conceptualize all manifestation
of the phenomenon. Strictly speaking, we should develop simple chaotic mechanisms that has the ability to emulate
complex behaviors. Investigating the fundamental aspects of high-dimensional chaotic states is necessary in this
direction. Indeed, mathematical modeling of real-world problems show that real life is very often a highdimensional
chaos and even chaotic activities in our everyday lives are difficult to described via low-dimensional systems [13].
Recently, in papers [14, 15], we have developed a new method of chaos formation which depends rather on the
way of partition of the domain, than on a map. That is, the map is a natural consequence of the structure of the
domain to be chaotic. In the present study, we extend the approach of consideration of the methodological problem
on generosity of chaos as dynamical phenomenon in real world, science and industry. This question has not been
discussed in our previous researches and the present study is a complementary to those in [14, 15]. The generosity
of the phenomenon is understood in two aspects. The first one is connected to the number of models which admit
chaotic dynamics. This problem is difficult to be discussed since the number of differential, discrete and other
equations exhibiting chaos is still neglectingly small if you compare with the number of those admitting regular
behavior. This is understandable since the development of the theory. The second aspect of the generosity concerns
the density of chaotic points in the domain or the state space of the dynamics. This question has not been considered
in detail (as far as we know) in literature. This is because the chaotic domains are usually considered as fractal
objects, that is, there dimension is less than the dimension of the state space. Consequently it is assumed with
out discussion that the points of chaos are sparse and the domain admits a small density only for one-dimensional
unimodal dynamics as is the case for the unit section where it was proven that all points of the set can be chaotic [6,7].
As a first step towards the goal, we show in the present work how to establish multidimensional chaos for
simple geometrical objects. We focus in the domain structure to construct an invariant set under a chaotic map.
Our approach is based on a recursive division of the set into an infinite number of elements which satisfy specific
conditions. By using infinite sequences to index the set points, a chaotic map can be defined on the set.
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Without loss of generality, we consider F as the n-dimensional unit cube, i.e., the Cartesian product of n unit
intervals.
For sake of comprehension, let us start with the line segment F = [0, 1]. Divide F into 4 parts F1 = [0,
1
4 ], F2 =
( 14 ,
1
2 ], F3 = (
1
2 ,
3
4 ], F4 = (
3
4 , 1] (see Fig. 1 (b)). Divide again each part Fi1 , i1 = 1, 2, 3, 4 into 4 equal parts and
denote them by Fi1i2 , i2 = 1, 2, 3, 4. Continue in this procedure such that, at the k
th step of the partition, each part
Fi1i2...ik−1 is divided into 4 equal parts denoted as Fi1i2...ik , ip = 1, 2, 3, 4, p = 1, 2, ..., k. Figure 1 (c) illustrates the
second step of the partition of the part F1.
Considering the above simple construction, one can observe that: (i) The length of each part Fi1i2...ik ap-
proaches zero as the number of steps, k, approaches infinity. This implies that an infinite iteration of the procedure
would produce infinitely many points from which the line F is consisted of. The points can be represented by
Fi1i2...ik..., ip = 1, 2, 3, 4, p = 1, 2, ... . Thus, the set F can be defined as the collection of all such points, i.e.,
F =
{
Fi1i2...ik... | ip = 1, 2, 3, 4, p = 1, 2, ...
}
. (1)
(ii) If we define the distance between two nonempty bounded sets A and B in F by d(A,B) = inf{d(x,y) : x ∈
A, y ∈ B}, where d is the usual Euclidean metric, then
d(F1, F3) = d(F1, F4) = d(F2, F4) =
1
4
.
(a) (b)
(c)
Figure 1: The partition procedure of the line F
Let us now introduce the map ϕ : F → F defined by
ϕ(Fi1i2...ik...) = Fi2i3...ik..., (2)
such that for fixed sequence i1i2...ik, ϕ(Fi1i2...ik) = Fi2i3...ik and ϕ(Fi1) = F . We call each part Fi2i3...ik subset of
order k, and the map ϕ the chaos generating map or simply the generator.
Considering the results in the Appendix, one can prove that the generator is chaotic in the sense of Devaney,
Li-Yorke and Poincare`. Thus, we show that a line segment can be a domain for chaos. This simple case is frankly
pointed out in [6] for the Devaney chaos of lositic map “f(x) = 4x(1− x)” on the interval [0, 1].
As a realization of the generator map ϕ, let us consider the double-humped tent map
ϕ(x) =

4x 0 ≤ x ≤ 14 ,
4( 12 − x) 14 < x ≤ 12 ,
4(x− 12 ) 12 < x ≤ 34 ,
4(1− x) 34 < x ≤ 1.
We define the first order subsets as F1 = [0,
1
4 ], F2 = (
1
4 ,
1
2 ], F3 = (
1
2 ,
3
4 ], F4 = (
3
4 , 1], and for each i = 1, 2, 3, 4, we
have F = {ϕ(x) : x ∈ Fi}. For each j = 1, 2, 3, 4, the second order subsets are defined by Fij = {x ∈ Fi : ϕ(x) = Fj}.
Generally, a kth order subset can be defined by
Fi1i2...ik = {x ∈ Fi1i2...ik−1 : ϕ(x) = Fi2i3...ik},
2
where ip = 1, 2, 3, 4, p = 1, 2, ..., k.
On the basis of the above construction, more general cases of chaotic domain can be investigated. Consider the
unit square (cube) F . Similarly, we divide F into 16 equal squares (64 cubes) and denote them by Fi1 , i1 = 1, 2, ..., 16
(Fi1 , i1 = 1, 2, ..., 64). Illustration of the fist step construction for a square and cube are seen in Fig. 2. Again
we divide each square (cube) Fi1 into 16 equal squares (64 cubes) and denote them by Fi1i2 , i2 = 1, 2, ..., 16
(Fi1i2 , i2 = 1, 2, ..., 64). We continue in this procedure such that, at the k
th step of partition, each part Fi1i2...ik−1
is divided into 16 equal squares (64 cubes) denoted as Fi1i2...ik , ip = 1, 2, ..., 16, p = 1, 2, ..., k (Fi1i2...ik , ip =
1, 2, ..., 64, p = 1, 2, ..., k). Likewise, the set F can be defined by
F =
{
Fi1i2...ik... | ip = 1, 2, ...,m, p = 1, 2, ...
}
,
where m is 16 for the square and 64 for the cube. One should emphasize here that the number m is chosen to
sufficiently satisfy the (diagonal and separation) properties mentioned in the Appendix. Analogously, in these cases,
the generator ϕ is defined, and it can be verified that the assertions, in the Appendix, are applicable. Thus, the
generator is chaotic in the sense of Devaney, Li-Yorke and Poincare`.
(a) (b)
Figure 2: The partition procedure of a square and cube.
For a general case, consider the unit n-dimensional cube F . The first step consists of dividing F into 4n
equal parts (n-dimensional sub-cubes) denoted as Fi1 , i1 = 1, 2, ..., 4
n. In the second step, each part Fi1 is again
divided into 4n equal parts denoted as Fi1i2 , i2 = 1, 2, ..., 4
n. Continue in this procedure such that, at the kth step of
partition, each part Fi1i2...ik−1 is divided into 4
n equal sub-cubes denoted as Fi1i2...ik , ip = 1, 2, ..., 4
n, p = 1, 2, ..., k.
At an infinite iteration of this process, the cube F can be represented as the collection of all points, Fi1i2...ik..., i.e.,
F =
{
Fi1i2...ik... | ip = 1, 2, ..., 4n, p = 1, 2, ...
}
. (3)
Let us now verify the diagonal and separation properties stated in the Appendix. At any step k, the diagonal
of the sub-cube Fi1i2...ik is given by
√
n
4k
, and since n is finite, the diagonal property holds.
For the separation property, we will show that it is valid with a separation constant ε0 =
√
n
4 . Consider an edge
of the cube as projection of the cube on the dimension. The partition allows to find several sub-cubes such that
the distance between them and a sub-cube A is not less than 14 in the projection. Consequently, there exists a
sub-cube, say B, which is distanced from A in all projections not less than 14 . This is why the distance between A
and B is greater than or equal to
√
n
4 . Here, we point out that the separation constant has a direct relationship with
the dimension of the cube. This simply means that the high dimensionality makes chaos more stronger, and this
comports with the concept that higher state space dimensions allow for more complex attitudes including chaotic
behavior [16].
Similarly, the chaos generating map is defined for the nD cube and using the results in the Appendix, it can be
shown that the generator defined in (2) is chaotic in the sense of Devaney, Li-Yorke and Poincare`.
In Fig. 3, we provide simulation results illustrate the chaotic behavior of trajectories initiated at points on unit
square and cube under the map ϕ.
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Figure 3: The chaotic behavior of trajectories: (a) initiated at the point ≈ (0.5746337359, 0.3027738565) on the
unit square, and (b) initiated at the point ≈ (0.3766437951, 0.2649318230, 0.0275998135) on the unit cube.
The proposed approach for generating chaotic dynamics on infinite sets sheds light on the rule of the domain of
chaos. In the classical theory, the requirements and properties of chaos are usually described through the map, then,
the chaotic behavior is reflected in the image which characterized by some quantitative measures such as fractional
dimension, similarity and scaling. Example of such a case is the Lorenz attractor whose capacity dimension is
2.06± 0.01 [17]. The same could be said for an invariant subset of the domain such as a Cantor set for the logistic
map which has the Hausdorff dimension 0.63093 [18]. In the present research we devote more attention to the
domain, and less attention to properties of the map. In particular, we impose specific conditions on the domain,
namely, the diagonal and separation properties. On the other hand, the continuity and injectivity requirements for
the motion are ignored since a chaotic map need not be continuous or injective [19–23]. We regard these properties
of a chaotic map as important characteristics only from the analytical side, that is to say, they are very useful for
handling the map to prove presence of chaos [24,25], however, it is not rigorously correct to consider them as intrinsic
properties for chaos. Disregarding such properties helps us to organize a given infinite set as an invariant domain of
the map which leads to a chaotic regime with all the domain, the map and the image have equal dimensions. This
is different from the classical situation in continuous chaotic dynamics where the dimension of map is usually larger
than that for the domain and image as in the case of the above two examples, Lorenz system and the logistic map.
The results presented in this paper reveal that the whole points of an n-dimensional cube are chaotic under
the defined map, and it is clear that the approach can be extended for each infinite set which admits topological
properties common to the cube. This reinforces the concept that the chaotic points are dense in the state space of
dynamics of many real world phenomena. Moreover, the results would be crucial for numerous relevant analyses
and applications. For example, a good application can be performed for the Brownian motion [26, 27] where the
random movement of particles may be considered in light of the present results.
References
[1] Bolotin, Y., Tur, A. and Yanovsky, V. 2013, Chaos: Concept, Control and Constructive Use. Springer, Berlin.
[2] Skiadas, C. H. and Skiadas, C. (eds.) 2016, Handbook of Applications of Chaos Theory. Chapman and Hall/CRC
Press, Boca Raton.
[3] Lynch, S. 2017, Dynamical Systems with Applications using Mathematica, 2nd ed. Springer International Pub-
lishing, Switzerland.
[4] Korsch, H. J., Jodl, H. J. and Hartmann, T. 2008, Chaos: A Program Collection for the PC. Springer-Verlag,
Berlin.
[5] Kellert, S. H. 1994, In the wake of chaos: Unpredictable order in dynamical systems. University of Chicago
Press, Chicago.
4
[6] Devaney, R. L. 1987, An Introduction to Chaotic Dynamical Systems. Addison-Wesley, Menlo Park.
[7] Li, T. Y. and Yorke, J. A. 1975, Period Three Implies Chaos. Amer. Math. Monthly 82 985-992.
[8] Feigenbaum, M. J. 1980, Universal behavior in nonlinear systems. Los Alamos Sci./Summer. 1 4-27.
[9] Scho¨ll, E. and Schuster, H. G. (eds) 2008, Handbook of Chaos Control. WileyVCH, Weinheim, Germany.
[10] Sander, E. and Yorke, J. A. 2011, Period-doubling cascades galore. Ergod. Theory Dyn. Syst. 31 1249-1267.
[11] Akhmet, M. and Fen, M. O. 2016, Unpredictable points and chaos. Commun. Nonlinear Sci. Numer. Simulat.
40 1-5.
[12] Akhmet, M. and Fen, M. O. 2016, Poincar chaos and unpredictable functions. Commun. Nonlinear Sci. Numer.
Simulat. 48 85-94.
[13] Ivancevic, V. G. and Ivancevic, T. T. 2007, High-Dimensional Chaotic and Attractor Systems. Springer, Dor-
drecht.
[14] Akhmet, M. and Alejaily E. M. 2019, Abstract Similarity, Chaos and Fractals. arXiv:1905.02198 [math.DS].
[15] Akhmet, M. and Alejaily E. M. 2019, Domain-Structured Chaos for a Hopfield Neural Network. Int. J. Bifurc.
Chaos (Accepted ).
[16] Hilborn, R. C. 2000, Chaos and Nonlinear Dynamics: An Introduction for Scientists and Engineers. Oxford
University Press, New York.
[17] Lorenz, E. N. 1984, The local structure of chaotic attractor in four dimensions. Physica, 13D, 90-104.
[18] Mandelbrot, B. B. 1983, The Fractal Geometry of Nature, Freeman, New York.
[19] Keener, J. P. 1980, Chaotic behavior in piecewise continuous difference equations. Trans. Am. Math. Soc. 261
589-604.
[20] Osikawa, M. and Oono, Y. 1981, Chaos in C0-diffeomorphism of interval. Publ. RIMS, 17 165-177.
[21] Addabbo, T., Fort, A., Rocchi, S. and Vignoli, V. 2011, Digitized Chaos for Pseudo-random Number Generation
in Cryptography. In: Kocarev, L. and Lian, S. (eds) Chaos-Based Cryptography. Studies in Computational
Intelligence, vol 354. Springer, Berlin, Heidelberg.
[22] Degˇirmenci, N. and Koc¸ak, s¸. 2010, Chaos in product maps. Turk. J. Math. 34 593-600.
[23] Li, R. and Zhou, X. 2013, A note on chaos in product maps. Turk. J. Math. 37 665-675.
[24] Chen, G. and Huang, Y. 2011, Chaotic Maps: Dynamics, Fractals and Rapid Fluctuations, Synthesis Lectures
on Mathematics and Statistics. Morgan and Claypool Publishers, Texas.
[25] Wiggins, S. 1988, Global Bifurcation and Chaos, Analytical Methods, Springer-Verlag, New York.
[26] Brown, R. 1928, A brief account of microscopical observations made in the months of June, July and August,
1927, on the particles contained in the pollen of plants; and on the general existence of active molecules in
organic and inorganic bodies. Philos. Mag. Ann. of Philos. New Ser. 4 161-178.
[27] Wang, M. C. and Uhlenbeck, G. E. 1945, On the theory of Brownian motion II. Rev. Mod. Phys. 17 323-342.
5
Appendix: Chaos for the map ϕ
Consider the Euclidean space Rn, and let F be the unit n-dimensional cube described by (3). Define the diameter
of a set A in F by diam(A) = sup{d(x,y) : x,y ∈ A}. It is easy to see that the diameter of each n-dimensional
sub-cube Fi1i2...ik approaches zero as k approaches infinity (diagonal property), and moreover, for arbitrary i there
exists j 6= i such that d(Fi , Fj) ≥ √n4 (separation properties).
In [11,12] the definitions of unpredictable point and Poincare` chaos were introduced. This time, we will consider
the generator map ϕ to satisfy the definitions and make conclusion that there exists an unpredictable point in F
and the cube is a closure of the trajectory of the point. Moreover, we directly prove that the dynamics is sensitive.
Thus, the following assertion is valid.
Theorem 1. The generator ϕ possesses Poincare` chaos and the cube is a quasi-minimal set for the dynamics.
Proof. To prove that ϕ is topologically transitive, we utilize the diagonal property to show the existence of an
element l = Fi1i2...ik... of F such that for any subset Fi1i2...iq there exists a sufficiently large integer p so that
ϕp(l) ∈ Fi1i2...iq . This is true since we can construct the sequence i1i2...ik... such that it contains all sequences of
the type i1i2...iq as blocks.
For sensitivity, fix a point Fi1i2... ∈ F and an arbitrary positive number ε. Due to the diagonal property, and
for a sufficiently large k, the distance between Fi1i2...ikik+1... and Fi1i2...ikjk+1jk+2... is less than ε provided that
ik+1 6= jk+1. Since the separation property is valid, there exist an integer p, larger than k, such that Fip+1ip+2...
and Fjp+1jp+2... are at a distance ε0 apart. This proves the sensitivity.
The proof of unpredictability is based on the verification of Lemma 3.1 in [12] adopted to the chaos generating
map. In a similar way for determining the element l, the Lemma consists of constructing a sequence i∗1i
∗
2...i
∗
k... to
define an unpredictable point l∗ = Fi∗1i∗2 ...i∗k... ∈ F which satisfies Definition 2.1 in [11]. Moreover, it can be shown
that the trajectory ϕ(l∗) is dense in F . This is why the cube is a quasi-minimal set and the dynamics is Poincare`
chaotic.
Now, let us show that the periodic points are dense in F . A point Fi1i2i3... ∈ F is periodic with period p if its
index consists of endless repetitions of a block of p terms. Fix a member Fi1i2...ik... of F and a positive number ε.
Find a natural number p such that diam(Fi1i2...ip) < ε and choose a p-periodic element Fi1i2...ipi1i2...ip... of Fi1i2...ip .
It is clear that the periodic point is an ε-approximation for the considered member. Thus, the map ϕ possesses the
three ingredients of Devaney chaos, namely density of periodic points, transitivity and sensitivity [6].
In addition to the Poincare` and Devaney chaos, it can be shown that the Li-Yorke chaos also takes place in the
dynamics of the map ϕ. The proof is similar to that of Theorem 6.35 in [24] for the shift map defined on the space
of symbolic sequences.
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